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Abstract
For bounded Lipschitz domains D in Rn it is known that if 1 < p < ∞, then for all β ∈ [0, β0),
where β0 = p − 1 > 0, there is a constant c < ∞ with∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  c∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx
for all u ∈ C∞0 (D). We show that if D is merely assumed to be a bounded domain in Rn that sat-
isfies a Whitney cube-counting condition with exponent λ and has plump complement, then the
same inequality holds with β0 now taken to be
p(n−λ)(n+p)
n(p+2n) . Further, we extend the known re-
sults (see [H. Brezis, M. Marcus, Hardy’s inequalities revisited, Dedicated to Ennio De Giorgi, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997–1998) 217–237; M. Hoffmann-Ostenhof, T. Hoffmann-
Ostenhof, A. Laptev, A geometrical version of Hardy’s inequality, J. Funct. Anal. 189 (2002) 537–
548; J. Tidblom, A geometrical version of Hardy’s inequality for W1,p(Ω), Proc. Amer. Math. Soc.
132 (2004) 2265–2271]) concerning the improved Hardy inequality∫
D
∣∣u(x)∣∣p dist(x, ∂D)−p dx + |D|−p/n ∫
D
∣∣u(x)∣∣p dx  c∫
D
∣∣∇u(x)∣∣p dx,
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D.E. Edmunds, R. Hurri-Syrjänen / J. Math. Anal. Appl. 310 (2005) 424–435 425c = c(n,p), by showing that the class of domains for which the inequality holds is larger than that of
all bounded convex domains.
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1. Introduction
Let 1 p < ∞, let D be a domain in Rn, n 2, and let u ∈ C∞0 (D). We would like to
give conditions on D which would guarantee that there is an explicit constant β0 > 0 such
that for all β ∈ [0, β0), there is a constant c < ∞ with∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  c ∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx (1.1)
for all u ∈ C∞0 (D). We consider also the case β < 0. Much work has been carried out on
such inequalities. For example, it is well known that (1.1) is valid for bounded Lipschitz
domains when β ∈ [0,p − 1) [10, Theorem 1.6]. A sufficient condition in the form of a
local Maz’ya capacity was given by A. Wannebo [15]: this requires that there should be a
positive number b such that
γ0,0,p(R
n \ D ∩Q,2Q) b,
where γ0,0,p is Maz’ya’s capacity and cubes Q are picked up using Whitney cubes. Wan-
nebo shows that this guarantees that there exists a small number β0 > 0 such that (1.1)
holds for all β ∈ [0, β0). We are able to give in Theorem 3.1 a value for β0 when Rn \D is
plump and D satisfies a Whitney cube counting condition.
Finally we show that techniques similar to those used to prove Theorem 3.1 give an
extension of the improved Hardy inequalities of the form∫
D
∣∣∇u(x)∣∣p dx  (p − 1
p
)p ∫
D
|u(x)|p
dist(x, ∂D)p
dx + λ(D)
∫ ∣∣u(x)∣∣p dx,
u ∈ W 1,p0 (D), 1 <p < ∞, due, in various forms, to Brezis and Marcus [1], M. Hoffmann-
Ostenhof et al. [6], and Tidblom [14]. These authors assumed that D was a bounded convex
domain, but we show that similar inequalities hold when D is any bounded domain with
plump complement, Theorem 5.1.
2. Preliminaries
First we remind the reader of some standard definitions. Given any b ∈ (0,1], a con-
nected set D in Rn is said to be b-plump if there is σ > 0 such that for every y ∈ ∂D and
for all t ∈ (0, σ ] there exists a point x ∈ (intD) ∩ Bn(y, t) with dist(x, ∂D)  bt . Here
Bn(y, t) is the open ball in Rn with center y and radius t .
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D =
∞⋃
k=1
Nk⋃
j=1
Qkj ,
where the Whitney decomposition (see, for example, [13, VI, §1])W of D is arranged so
that the cubes Qkj appearing in it satisfy∣∣Qkj ∣∣= |D|2−nk
for j = 1, . . . ,Nk , k ∈ N. A domain D is said to satisfy a Whitney cube counting condition,
if there are constants M < ∞ and λ ∈ (0, n) such that
Nk M2λk
for k ∈ N.
A plump domain satisfies a Whitney cube counting condition [9].
Remark 2.1. Lipschitz domains as well as uniform domains are plump. There are quasi-
hyperbolic boundary conditions domains which are not plump [7]. Domains satisfying a
quasihyperbolic boundary condition satisfy a Whitney cube counting condition [11].
Remark 2.2. Given two nonnegative expressions R1 and R2 we shall write R1  R2 as a
shorthand for the statement that R1  cR2 for some constant c ∈ (0,∞) independent of
the variables in the expressions R1 and R2. If R1 R2 and R2 R1 we write R1 ≈ R2.
Remark 2.3. We assume that domains D in Rn are bounded unless otherwise stated.
The following results will be of considerable use to us.
Lemma 2.4 [5, Lemma 2.8]. Suppose that D ⊂ Rn is b-plump. Then for all γ ∈
[0, γ0(b,n)),∫
Q∩D
dist(x, ∂D)−γ dx  c(γ,D)|D ∩ Q|1−γ /n < ∞
for all cubes Q ⊂ Rn whenever Q ∩D = ∅; here
γ0(b,n) =
(
log
(
1 + (b/24)n))(log 120/b)−1 < 1.
Lemma 2.5 [5, Lemma 2.7]. Suppose that D is a domain in Rn which satisfies a Whitney
cube counting condition with a constant λ < n. If Q is a cube in Rn such that Q ∩D = ∅,
then ∫
Q∩D
dist(x, ∂D)−γ dx  c(γ,D,n) < ∞whenever 0 γ < n− λ.
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can be estimated: c(γ,D,n) |Q|1−γ /n.
The following lemma was first proved by Carleson [2] when p = 2 and n = 1.
Lemma 2.6 [12, Lemma 2.10]. Let Q0 be a cube in Rn and suppose that (Qi) is a sequence
of dyadic cubes such that each Qi is contained in Q0 and
∑ |Qi |  const|Q0|. Let u ∈
Lp(Q0) for some p ∈ (1,∞). Then there is a constant c, independent of u, such that
∑
i
|Qi |1−p
( ∫
Qi
∣∣u(x)∣∣dx
)p
 c
∫
Q0
∣∣u(x)∣∣p dx.
3. Theorems with plumpness condition
Theorem 3.1. Suppose that Rn \ D is b-plump for some b ∈ (0,1], and let 1  p < ∞.
Then given any β  0, there is a positive constant c < ∞ such that for all u ∈ C∞0 (D),∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  c ∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx. (3.1)
If further D ⊂ Rn satisfies a Whitney cube counting condition with some λ < n, then given
any β ∈ (0, p(n−λ)(n+p)
n(p+2n) ), there is a positive constant c < ∞ such that for all u ∈ C∞0 (D)
the inequality (3.1) holds.
Proof. In the beginning we proceed as in [4, the proof of Theorem 2.2] which we recall
briefly here for the sake of completeness.
Let u ∈ C∞0 (D). We may extend u into the whole of Rn by defining u(x) = 0 for
x ∈ Rn \ D. Let W be a Whitney decomposition of D into closed dyadic cubes Q with
pairwise disjoint interiors [13, VI, §1]. For each Q ∈W we fix a point xQ ∈ ∂D such
that dist(∂D,Q) = dist(xQ,Q) and choose a cube Q∗ ⊃ Q with center xQ such that
diam(Q∗) ≈ diam(Q). Since Rn \D is b-plump, there exists σ > 0 such that for all z ∈ ∂D
and all t ∈ (0, σ ], there is a point y ∈ (int(Rn \ D)) ∩ Bn(z, t) with dist(y, ∂D) > bt .
In fact we may assume that t = diam(Q∗), see [4, the proof of Theorem 2.2]. This
yields that for each Q ∈W there is a point y ∈ (int(Rn \ D)) ∩ Bn(xQ,diam(Q∗) with
dist(y, ∂D) > b diam(Q∗). Denote
A∗ = Q(y, bn−1 diam(Q∗))
the open cube with center y and sides of length bn−1 diam(Q∗) parallel to the axes. Since
A∗ ⊂ Rn \ D, the integral average uA∗ of u over A∗ is zero. Hence,∫ ∣∣u(x)∣∣p dist(x, ∂D)β−p dx  ∑ ∫ ∣∣u(x) − uA∗ ∣∣p diam(Q)β−p dx.D Q∈WQ∗
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Q∗
∣∣u(x) − uA∗ ∣∣p dx  |Q∗||A∗|
∫
Q∗
∣∣u(x) − uQ∗ ∣∣p dx
and Rn \ D is b-plump, the Poincaré inequality in a cube [3, Chapter V, Theorem 3.24]
gives ( ∫
Q∗
∣∣u(x) − uQ∗ ∣∣p dx
)1/p
 c(n,p)|Q∗|1/n+1/p−1/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)1/r
with 1 r < p = nr/(n − r). Recall that u(x) = 0, x ∈ Rn \ D. Let r < q < p. Hölder’s
inequality with (p+r2r > 1,
p+r
p−r ) gives( ∫
Q∗
∣∣∇u(x)∣∣r dx
)p/r
=
( ∫
Q∗∩D
∣∣∇u(x)∣∣r dist(x, ∂D)βr/p dist(x, ∂D)−βr/p dx
)p/r

( ∫
Q∗∩D
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
×
( ∫
Q∗∩D
dist(x, ∂D)−βr(p+r)/p(p−r) dx
)(p−r)p/(p+r)r
.
Combining the above estimates we see that∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx

∑
Q∈W,Q⊂Q∗
|Q∗|1−p/r+β/n
×
( ∫
Q∗
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
×
( ∫
Q∗∩D
dist(x, ∂D)−βr(p+r)/p(p−r) dx
)p(p−r)/r(p+r)
. (3.2)
We have to estimate∫
dist(x, ∂D)−βr(p+r)/p(p−r) dxQ∗∩D
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cube counting condition with some λ < n, then [5, the proof of Lemma 2.7] implies that∫
Q∗∩D
dist(x, ∂D)−βr(p+r)/p(p−r) dx  |Q∗|1− βr(p+r)np(p−r) , (3.3)
whenever 0 < β < p(n−λ)(n+p)
n(p+2n) . Hence,∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx

∑
Q∗
|Q∗|1−2p/(p+r)
( ∫
Q∗
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
.
The cubes (Q∗) are Carleson cubes, that is, cubes Q∗ are contained in a fixed cube B and∑
Q∗⊂B,Q∈W
|Q∗|
∑
Q∈W
|Q| |B|.
Here B is a fixed cube such that |D| |B|. Recall that we had defined u(x) = 0 in Rn \D.
Hence, by Carleson’s Lemma 2.6 with 2p/(p + r) > 1,∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  ∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx.
Let β  0. If x ∈ Q∗ ∩ D, then since dist(x, ∂D)  diam(Q∗) and hence (3.3) holds,
the proof follows as in the case β > 0. 
Remark 3.2. (1) In our paper [4], we considered only the case β  0 and only for 1 <
p < ∞. There we proved the first part of Theorem 3.1 for 1 < p < ∞, when the require-
ment is that Rn \ D is plump, see [4, Theorem 2.2]. The proof there requires that β  0
and p > 1.
(2) The case β > 0 was investigated in [5] for some other type of domains, but the
weight on the left-hand side there was weaker than the left-hand side weight in (1.1).
(3) We are indebted to Dick Brown for his encouragement and suggestions with regard
to finding positive values for β .
If one uses Lemma 2.4 instead of Lemma 2.5, the proof for Theorem 3.1 yields
Theorem 3.3. Suppose that D ⊂ Rn and Rn \ D are plump for some bi ∈ (0,1], i = 1,2,
respectively. Let 1 p < ∞. Then given any β ∈ (0, β0), there is a positive constant c < ∞
such that for all u ∈ C∞0 (D),∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  c ∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx;
here β0 = β0(b1, n,p).
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2n). Now, p(n + p)/n(p + 2n) > p − 1 when p < −n(1 + √1 + 2/(n − 1) ), hence in
particular when p is near 1.
4. A Theorem with a capacity condition
We recall the definition of the variational p-capacity [3, Chapter VIII, Section 1]: given
any compact subset K of D,
p- cap(K,D) = inf
{∫
D
∣∣∇u(x)∣∣p dx: u ∈ C∞0 (D), u(x) 1 for x ∈ K
}
.
For example, p-cap(B(x,R),B(x,2R)) = c(n,p)Rn−p . The Poincaré inequality with ca-
pacity reads as
Theorem 4.1 [3, Chapter VIII, Corollary 2.4]. Let Q be a cube in Rn and define any
u ∈ C∞0 (D) to be zero outside the domain D. Let 1 q  p  nqn−q , p < n. If q-cap(Q ∩
(Rn \ D),2Q) > 0, then for any u ∈ C∞0 (D),(∫
Q
∣∣u(x)∣∣p dx
)1/p
 c|Q|
1/p
q- cap(Q ∩ (Rn \ D),2Q)1/q
(∫
Q
∣∣∇u(x)∣∣q dx
)1/q
.
A sufficient condition for (1.1) in terms of capacity is given by
Theorem 4.2. LetW be a Whitney decomposition of a domain D ⊂ Rn. Suppose that there
exist positive constants η < ∞ and β < ∞ such that
|Q|(β−p+n)p/(n+p)
( ∫
Q∗∩D
dist(x, ∂D)−βn(2n+p)/p(n+p) dx
)p/(2n+p)
 η
(
np/(n+ p)- cap(Q ∩ (Rn \ D),2Q)) (4.1)
for all Q ∈W ; here Q∗ is defined as in Section 3. Then there is a positive constant c < ∞
independent of u such that for all u ∈ C∞0 (D),∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  c ∫
D
∣∣∇u(x)∣∣p dist(x, ∂D)β dx.
Proof. We use the notation of Theorem 3.1. Let 1 r < p = nr/(n−r). Hölder’s inequal-
ity with (p+r2r > 1,
p+r
p−r ) gives( ∫ ∣∣∇u(x)∣∣r dx
)p/r
Q∗
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( ∫
Q∗∩D
∣∣∇u(x)∣∣r dist(x, ∂D)βr/p dist(x, ∂D)−βr/p dx
)p/r

( ∫
Q∗∩D
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
×
( ∫
Q∗∩D
dist(x, ∂D)−βr(p+r)/p(p−r) dx
)(p−r)p/(p+r)r
.
This together with Theorem 4.1 implies that∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx  ∑
Q∈W
|Q|(β−p)/n
∫
Q
∣∣u(x)∣∣p dx

∑
Q∗
|Q∗|(β−p+1)/n(r- cap(Q∗ ∩ (Rn \ D),2Q∗))−p/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)p/r

∑
Q∗
|Q∗|(β−p+n)/n(r- cap(Q∗ ∩ (Rn \ D),2Q∗))−p/r
×
( ∫
Q∗
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
×
( ∫
Q∗∩D
dist(x, ∂D)−βr(p+r)/p(p−r) dx
)(p−r)p/(p+r)r
. (4.2)
The assumption with r = pn
p+n yields∫
D
∣∣u(x)∣∣p dist(x, ∂D)β−p dx

∑
Q∗
|Q∗|1−2p/(p+r)
( ∫
Q∗
∣∣∇u(x)∣∣(p+r)/2 dist(x, ∂D)β(p+r)/2p dx
)2p/(p+r)
.
The use of Carleson’s Lemma 2.6 with 2p/(p + r) > 1 now gives the claim. 
Definition 4.3. A closed set K ⊂ Rn is uniformly p-fat, 1 < p < ∞, if there exists a
positive constant η such that
p- cap
(
K ∩B(x,R),B(x,2R)) η(p- cap(B(x,R),B(x,2R)))for every x ∈ K and for all radii R > 0.
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K is p2-fat, too. The following result is deep: Let K ⊂ Rn be a closed uniformly p2-fat
set. Then there is p1, 1 <p1 <p2, such that K is uniformly p1-fat [8].
Remark 4.4. (1) Note that the left-hand side and the right-hand side of (4.1) yield ≈
Rn−np/(n+p), if both D and Rn \D are plump. Namely, if D is plump, then by Lemma 2.4
the left-hand side of (4.1) is ≈ Rn−np/(n+p). If also Rn \ D is plump, then
q- cap
(
Q∩ (Rn \ D),2Q)≈ q- cap(Q,2Q),
with q = np/(n + p) and hence the right-hand side of (4.1) is also ≈ Rn−np/(n+p). So
Theorem 4.2 reduces to Theorem 3.3.
(2) Let Rn \ D be plump. For condition (4.1) to be valid, it has to be required that∫
Q∩D
dist(x, ∂D)−γ n/p dx  |Q|1−γ /p < ∞.
By Lemma 2.5 this holds at least if D has a Whitney cube counting condition. In this case
Theorem 4.2 reduces to Theorem 3.1.
5. Improved Lp-Hardy inequalities
H. Brezis and M. Marcus [1] proved that∫
D
∣∣∇u(x)∣∣2 dx  1
4
∫
D
|u(x)|2
dist(x, ∂D)2
dx + λ(D)
∫ ∣∣u(x)∣∣2 dx
holds for all u ∈ W 1,20 (D), with λ(D) (2 diam(D))−2, whenever D is a bounded convex
domain in Rn. Later, M. Hoffmann-Ostenhof et al. [6] improved the lower estimate for
λ(D),
λ(D) n(n−2)/nω2/nn−1
(
2|D|1/n)−2.
Then J. Tidblom [14] extended the result by showing that if 1 <p < ∞,∫
D
∣∣∇u(x)∣∣p dx  (p − 1
p
)p ∫
D
|u(x)|p
dist(x, ∂D)p
dx + λ(D)
∫ ∣∣u(x)∣∣p dx, (5.1)
for all u ∈ W 1,p0 (D), with
λ(D) (p − 1)
p+1
pp
(
ωn−1
n
)p/n
Γ ((n + p)/2)√π
Γ ((p + 1)/2)Γ (n/2) |D|
−p/n,
when D is a bounded convex domain. The method in [6] and in [14] is to prove one-
dimensional versions of the improved Lp-Hardy inequality and then to extend them to
higher dimensions.
We show that the improved Lp-Hardy inequality holds also for bounded domains D in
R
n whenever Rn \ D is plump.
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Let 1 <p < ∞. Then for all u ∈ W 1,p0 (D),∫
D
∣∣∇u(x)∣∣p dx  c(n,p)bn
(∫
D
|u(x)|p
dist(x, ∂D)p
dx + |D|−p/n
∫ ∣∣u(x)∣∣p dx
)
.
Proof. LetW be a Whitney decomposition of D [13, Chapter VI, §1]. All Whitney cubes
Q satisfy
diam(Q) diam(Q,∂D) 4 diam(Q).
Let Q∗ denote the cube with the same center as Q and with diameter 20 diam(Q). Let us
choose xQ ∈ ∂D such that
dist(xQ,Q) = dist(Q,∂D).
Hence there exists a ball with center xQ and radius diam(Q) such that
Bn
(
xQ,diam(Q)
)⊂ Q∗.
Since Rn \ D is b-plump, there exists y such that
y ∈ (int(Rn \ D))∩ Bn(xQ,diam(Q))
with
dist(y, ∂D) b diam(Q).
Put
A∗ = Q(y, bn−1 diam(Q∗))
the open cube with center y and sides of length bn−1 diam(Q∗) parallel to the axes. Since
A∗ ⊂ Rn \ D, the integral average uA∗ of u over A∗ is zero. Hence,∫
D
∣∣u(x)∣∣p dx  ∑
Q∈W,Q⊂Q∗
∫
Q∗
∣∣u(x) − uA∗ ∣∣p dx.
From now on constants ci = ci(n,p), i = 1,2,3,4. Since Hölder’s and Minkowski’s in-
equalities imply that∫
Q∗
∣∣u(x) − uA∗ ∣∣p dx  2p |Q∗||A∗|
∫
Q∗
|u(x) − uQ∗ |p dx
and Rn \D is b-plump, the Poincaré inequality in a cube [3, Chapter V, Theorem 3.24] and
[16, Theorem 2.8.4] gives( ∫
Q∗
∣∣u(x) − uA∗ ∣∣p dx
)1/p
 c1b−n/p|Q∗|1/n+1/p−1/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)1/r
with 1 r < p = nr/(n − r), r < n, and{ }( )
c1 = 2nn/p max ωn−1,2nr/(n − r) 2r5nr/(r − 1) 1/p,
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Q∈W,Q⊂Q∗
|Q∗| 20n
∑
Q∈W
|Q| 20n|D|.
Thus, by Carleson’s Lemma 2.6 with p/r > 1,
∫
D
∣∣u(x)∣∣p dx  cp1 b−n ∑
Q∈W,Q⊂Q∗
|Q∗|p/n+1−p/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)p/r
 c2b−n|D|p/n
∫
D
∣∣∇u(x)∣∣p dx,
where c2 = cp1 20p(1+n/r)2p/rr/(p− r) with r = np/(n+p). Marcinkiewicz’s theorem on
interpolation [17, XII, §4] has been used in order to get an upper bound for the constant c in
Carleson’s Lemma 2.6, since the proof of Carleson’s lemma [12] depends on that theorem.
An upper estimate for∫
D
∣∣u(x)∣∣p(dist(x, ∂D))−p dx
can be obtained in a similar manner:∫
D
∣∣u(x)∣∣p(dist(x, ∂D))−p dx  ∑
Q∈W,Q⊂Q∗
∫
Q∗
diam(Q)−p
∫
Q∗
∣∣u(x) − uA∗ ∣∣p dx
 40p
∑
Q∈W,Q⊂Q∗
|Q∗|−p/n |Q
∗|
|A∗|
∫
Q∗
∣∣u(x) − uQ∗ ∣∣p dx
 c3b−n
∑
Q∈W,Q⊂Q∗
|Q∗|−p/n
[
|Q∗|1/n+1/p−1/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)1/r ]p
 c3b−n
∑
Q∈W,Q⊂Q∗
|Q∗|1−p/r
( ∫
Q∗
∣∣∇u(x)∣∣r dx
)p/r
 c4b−n
∫
D
∣∣∇u(x)∣∣p dx. 
Here
c3 = 80pnn
(
max
{
ωn−1,2nr/(n − r)
})p2r5nr/(r − 1)
and
c4 = c320np/r2p/rr/(p − r)
with r = np/(n− p). Hence,
D.E. Edmunds, R. Hurri-Syrjänen / J. Math. Anal. Appl. 310 (2005) 424–435 435c(n,p)−1 = 2np/(n+p)5n(np/(p(n − 1) − n))1/p201+n/p2(n+p)/np(n/p)1/p
× 40nn/p max{ωn−1,2np/n}(1 + 201+p).
Remark 5.2. If D is a bounded convex domain in Rn, then Rn \D is b-plump with b = 1.
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